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Abstract
Let K be a topological group. The Bredon–Illman cohomology with equivariant local coefficients
of a K-space was introduced in [Quart. J. Math. Oxford (2) 47 (1996) 199]. In this paper we show that
the Bredon–Illman cochain complex defining the above cohomology admits a homotopy G-algebra
structure as introduced in [Internat. Math. Res. Notices 3 (1995) 141]. As a consequence, we derive
a B∞-algebra structure on the cochain complex.
 2004 Published by Elsevier B.V.
MSC: 55N91
1. Introduction
The Bredon–Illman cohomology with local coefficients of a K-space X, where K is a
topological group, was introduced in [9] extending the notion of Bredon cohomology [3].
For a discrete group K , a notion of Bredon cohomology with local coefficients for K-
spaces was also introduced by Moerdijk and Svensson [8] via the cohomology of a certain
category associated to K-spaces. In [10] it was shown that for a discrete group K the above
two definitions are equivalent. The aim of this paper is to show that for a topological group
K , the Bredon–Illman cochain complex with local coefficients of a K-space X admits
a homotopy Gerstenhaber-algebra structure. As a consequence, we get a B∞-algebra
structure on the cochain complex. The motivation comes from the well-known facts that
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Hochschild complex C∗(A,A) of an associative algebra A and the singular complex S∗(X)
of a topological space X admit such structures and also from the recent observation [7]
that dialgebra cochain complex admits homotopy G-algebra structure. Gerstenhaber and
Voronov [4] pointed out that such a structure on any complex is a biproduct of the existence
of a non-Σ operad structure on the associated cochain complex along with a multiplication
defined on it. Following this idea we show that the cochain complex defining the Bredon–
Illman cohomology admits a non-Σ operad structure and a multiplication and hence
deduce that the complex admits a homotopy G-algebra structure.
The paper is organized as follows: In Section 2 we recall the Bredon–Illman cochain
complex [9] and discuss some of its properties which are required in the sequel. We
describe a non-Σ operad structure on the Bredon–Illman cochain complex in Section 3
and using this we show in Section 4 that Bredon–Illman cochain complex is a homotopy
G-algebra. Finally, in Section 5 we deduce a B∞-algebra structure on the Bredon–Illman
cochain complex.
2. Bredon–Illman cochain complex
Let K be a topological group and X be a K-space. There is a category ΠK(X)
associated with X and K whose objects are K-maps xH :K/H → X and morphisms are
as follows: Let xH :K/H → X and xH ′ :K/H ′ → X be two objects of ΠK(X). For any
a ∈ K such that a−1Ha ⊆ H ′, let aˆ :K/H → K/H ′ be the map aˆ(gH) = gaH ′. Let
I = [0,1] be the unit interval on which K acts trivially. We will denote composition by
juxtaposition. Let ω be a K-homotopy from xH to xH ′ aˆ. Consider the set of all such pairs
(aˆ,ω). We define two elements (aˆ,ω) and (bˆ,ω′) of this set to be equivalent if there exist
equivariant maps j and ω˜ where j :K/H × I → K/H ′ is a K-homotopy such that j0 = aˆ,
j1 = bˆ and ω˜ :K/H × I × I → X is such that
ω˜(gH, s,0) = ω, ω˜(gH, s,1) = ω′,
ω˜(gH,0, t) = xH (gH), ω˜(gH,1, t) = xH ′j (gH, t).
The morphisms between xH :K/H → X and xH ′ :K/H ′ → X in ΠK(X) are then
equivalent classes [(aˆ,ω)] under this equivalence relation.
The composition of (aˆ,ω) :xH → xH ′ and (bˆ,ω′) :xH ′ → xH ′′ is defined by (bˆaˆ,ω′′) :
xH → xH ′′ , where
ω′′(gH, t) = ω(gH,2t) 0 t  1/2
= ω′(aˆ(gH),2t − 1) 1/2 t  1.
This composition is compatible with the equivalence relation defined above.
Let ∆n be the standard n-simplex on which K acts trivially. Let us fix an ordering of
the vertices of ∆n and denote them by en0 , . . . , e
n
n .
An equivariant n-simplex on X is a K-map σ :K/H × ∆n → X. For any such σ and
{i0, . . . , ik} ⊆ {0, . . . , n} where 0 k  n, define an affine linear map,
θni0,...,ik :∆
k → ∆n by ekj → enij , 0 j  k (1)
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and denote,
σ(i0, . . . , ik) = σ
(
1 × θni0,...,ik
)
:K/H × ∆k → X (2)
where 1 :K/H → K/H is the identity map. In particular, for any 0 j  n, we will write
σj = σ(0, . . . , j −1, j +1, . . . , n). From now on, whenever the symbol 1 is used as a map,
it will denote the appropriate identity map. Also an n-simplex on X will always mean an
equivariant n-simplex on X. Given σ we also define ,
σ˜ :K/H → X by σ˜ (gH) = σ (gH,en0). (3)
Then, σ˜ (i0, . . . , ik)(gH) = σ(gH,eni0). Let ασi0 :K/H × I → X be the K-homotopy,
ασi0(gH, t) = σ
(
gH, (1 − t)en0 + teni0
)
. (4)
Then [(1, ασi0)] is a morphism from σ˜ to σ˜ (i0, . . . , ik) in ΠK(X).
Let R be the category of commutative rings with identity and identity preserving ring
homomorphisms. An equivariant local coefficient system on X is a contravariant functor
M :ΠK(X) →R.
Let us assume from now on that such an M is given. We will denote,
σ ∗i0,...,ik = M
([(
1, ασi0
)])
:M
(
σ˜ (i0, . . . , ik)
)→ M(σ˜ ). (5)
Note that if i0 = 0, then, σ˜ (i0, . . . , ik) = σ˜ and (ασi0)t = σ˜ , ∀t ∈ I . Hence in this case
σ ∗i0,...,ik = 1. In particular σ ∗j = 1 for j  1.
Let σ :K/H × ∆n → X and τ :K/H ′ × ∆n → X be two n-simplices on X and let
aˆ :K/H → K/H ′ be the K-map corresponding to a−1Ha ⊆ H ′ for some a ∈ K . Let
h = aˆ × 1 :K/H × ∆n → K/H ′ × ∆n. Then σ and τ are said to be equivalent if σ = τh
and we write σ ∼h τ . If σ ∼h τ , then σ˜ = τ˜ aˆ. Let us denote by idσ˜ the constant homotopy
(idσ˜ )t = σ˜ , ∀t ∈ I . Then [(aˆ, idσ˜ )] is a morphism from σ˜ to τ˜ in ΠK(X). We will write,
h∗ = M([(aˆ, idσ˜ )]) :M(τ˜ )→ M(σ˜ ). (6)
Define for all n  0, SnK(X,M) to be the set of all functions c on the n-simplices of
X such that c(σ ) ∈ M(σ˜) for all σ and if σ ∼h τ , then c(σ ) = h∗(c(τ )). Then SnK(X,M)
is a commutative ring with identity, where the ring operations on SnK(X,M) are induced
from M . The multiplicative identity in SnK(X,M), i.e., the identity cochain in S
n
K(X,M)
is the n-cochain which takes any n-simplex σ to the multiplicative identity element of
M(σ˜ ). The additive identity in SnK(X,M), i.e., the zero cochain in S
n
K(X,M) is the n-
cochain which takes any n-simplex σ to the additive identity element of M(σ˜ ). Notice that
if σ ∼h τ , then h∗ is a ring homomorphism which preserves the multiplicative identity.
Hence the ring operations on SnK(X,M) are well defined. Define
δ :SnK(X,M) → Sn+1K (X,M)
as follows: for any n-cochain c and any equivariant (n+ 1)-simplex σ ,
δc(σ ) =
n+1∑
j=1
(−1)jc(σj ) + σ ∗0
(
c(σ0)
)
.
Then from [9] we have:
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Proposition 2.1. (S∗ (X,M), δ) is a cochain complex.K
The Bredon–Illman cohomology H ∗K(X,M) is defined by H(S∗K(X,M)).
Let c ∈ SkK(X,M) and c′ ∈ SlK(X,M). For any (k+ l)-simplex σ on X, the cup product
is defined by,
c ∪ c′(σ ) = c(σ(0,1, . . . , k))σ ∗k,k+1,...,k+l(c′(σ(k, k + 1, . . . , k + l))). (7)
Also, it can be easily seen that
δ(c ∪ c′) = δc ∪ c′ + (−1)kc ∪ δc′. (8)
Thus H ∗K(X,M) is a graded ring.
Now let σ be a n-simplex on X. Let c ∈ SkK(X,M), for some 0  k  n, and let{i0, . . . , ik} ⊆ {1, . . . , n}. Let σ ∗i0,...,ik be as in (5). Then we denote,
ci0,...,ik (σ ) = σ ∗i0,...,ik
(
c
(
σ(i0, . . . , ik)
))
. (9)
We will need the following two results to describe a non-Σ operad structure on S∗K(X,M).
Lemma 2.2. Let σ :K/H × ∆n → X and τ :K/H ′ × ∆n → X be two n-simplices on X.
Let σ ∼h τ , where h = aˆ × 1. Then for any 0  k  n, any {i0, . . . , ik} ⊆ {1, . . . , n}, and
c ∈ SkK(X,M):
(a) σ(i0, . . . , ik) is equivalent to τ (i0, . . . , ik).
(b) ci0,...,ik (σ ) = h∗(ci0,...,ik (τ )).
Proof. (a) We have, τ (aˆ ×1) = σ and (1× θni0,...,ik )(aˆ×1) = (aˆ×1)(1× θni0,...,ik ). Hence,
τ (i0, . . . , ik)(aˆ × 1) = σ(i0, . . . , ik).
(b) Let us denote M([(aˆ, idσ˜ (i0,...,ik ))]) by h∗i0,...,ik . Then,
c
(
σ(i0, . . . , ik)
)= h∗i0,...,ik(c(τ (i0, . . . , ik))).
Hence by (9) we need to show that,
σ ∗i0,...,ik h
∗
i0,...,ik
(
c
(
τ (i0, . . . , ik)
))= h∗τ ∗i0,...,ik (c(τ (i0, . . . , ik))).
Thus it is enough to show that in R, σ ∗i0,...,ik h∗i0,...,ik = h∗τ ∗i0,...,ik . This will follow from the
equality [(aˆ, idσ˜ (i0,...,ik ))][(1, ασi0)] = [(1, ατi0)][(aˆ, idσ˜ )] in ΠK(X).
Now (1, ατi0)(aˆ, idσ˜ ) = (aˆ,ω), where ω :K/H × I → X is defined by (see (4)),
ω(gH, t) = σ˜ (gH) = σ (gH,en0) 0 t  1/2
= ατi0
(
aˆ(gH),2t − 1)= ασi0(gH,2t − 1) 1/2 t  1.
Also, (aˆ, idσ˜ (i0,...,ik))(1, ασi0) = (aˆ,ω′), where ω′ :K/H × I → X is defined by
ω′(gH, t) = ασi0(gH,2t) 0 t  1/2
= σ˜ (i0, . . . , ik)(gH) = σ
(
gH,eni0
)
1/2 t  1.
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We need to show that (aˆ,ω) and (aˆ,ω′) are equivalent in ΠK(X) and for this we take j to
be the constant homotopy jt = aˆ for all 0 t  1. Also, we define, φ :K/H × I × I → X
by
φ(gH, s, t) = σ (gH,en0) 0 s  1 − t2
= ασi0
(
gH,
2s + t − 1
t + 1
)
1 − t
2
 s  1,
ψ :K/H × I × I → X by
ψ(gH, s, t) = ασi0
(
gH,
2s
2 − t
)
0 s  2 − t
2
= σ (gH,eni0) 2 − t2  s  1,
and finally define,
ω˜(gH, s, t) = φ(gH, s,2t) 0 t  1/2
= ψ(gH, s,2t − 1) 1/2 t  1. 
Lemma 2.3. Let σ :K/H ×∆n → X be an n-simplex of X. Let for any k  0, {i0, . . . , ik} ⊆
{0, . . . , n} and for any r  0, {p0, . . . , pr } ⊆ {0, . . . , k}. Let τ = σ(i0, . . . , ik). Then,
τ (p0, . . . , pr ) = σ(ip0, . . . , ipr )
and
σ ∗ip0 ,...,ipr = σ
∗
i0,...,ik τ
∗
p0,...,pr .
Proof. It is clear from the definition of θ (see (1)) that θnip0 ,...,ipr = θ
n
i0,...,ik
θkp0,...,pr and
hence (see (2)), σ(ip0, . . . , ipr ) = σ(i0, . . . , ik)(p0, . . . , pr ).
For any two vertices eni and e
n
j of ∆
n
, let T ni,j : I → ∆n be the path
T ni,j : t → (1 − t)eni + tenj .
Then (see (4)), for any vertex eni of ∆n, ασi (gH, t) = σ(gH,T n0,i(t)). To show σ ∗ip0 ,...,ipr =
σ ∗i0,...,ik τ
∗
p0,...,pr , it is enough to show (see (5)) that the morphisms (1, ασip0 ) and
(1, ατp0)(1, α
σ
i0
) are equivalent. Let (1, ατp0)(1, α
σ
i0
) = (1,ω). Then,
ω(gH, t) = ασi0(gH,2t) 0 t  1/2
= ατp0(gH,2t − 1) 1/2 t  1,
where ατp0(gH, t) = σ(gH,T ni0,ip0 (t)). Let us define, T : I × I → ∆
n by,
T (s, t) = (1 − t)(T n0,i0(2s))+ t(T n0,ip0 (s)) 0 s  1/2= (1 − t)(T ni0,ip0 (2s − 1))+ t(T n0,ip0 (s)) 1/2 s  1.
Then, ω˜(gH, s, t) = σ(gH,T (s, t)) is a straight line homotopy from ω to ασip0 . Therefore,
(1, ασip0 ) and (1,ω) are equivalent. 
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3. Operad structure on S∗ (X,M)K
Let Z be the ring of integers. The category Z-mod of Z-modules and Z-module
homomorphisms is a symmetric monoidal category [1,6] with the relevant operation being
tensor product and the unit element being Z.
Definition 3.1. A (non-negatively) graded object H =⊕Hj in Z-mod is called a non-Σ
operad in Z-mod if there is a morphism called the unit map,
η :Z→ H 1
and for all n 1, and jm  0,1m n, a collection of morphisms, called product maps,
γ :Hn ⊗ Hj1 ⊗ · · · ⊗Hjn → Hj
where, j = j1 + · · · + jn, which satisfy the following properties:
(a) Unitality property: Let us write η(1) = id from now on. Then for any x ∈ Hm,
γ (x; id, . . . , id︸ ︷︷ ︸
m
) = x and γ (id; x) = x.
(b) Associativity: Let x ∈ Hm, xi ∈ Hpi ,1  i  m and yi ∈ Hqi ,1  i  p where∑m
i=1 pi = p. Let
d1 = γ (x1; y1, . . . , yp1)
and for 2 i m, let
di = γ (xi; yp1+···+pi−1+1, yp1+···+pi−1+2, . . . , yp1+···+pi ).
Then,
γ
(
γ (x; x1, . . . , xm); y1, . . . , yp
)= γ (x; d1, d2, . . . , dm).
We now show that S∗K(X,M) is a non-Σ operad in Z-mod. We will use the notations
of the previous section. Since X,K and M will be fixed from now on we write Sn instead
of SnK(X,M). Take η(1) = id as the identity cochain in S1.
To define γ , let c ∈ Sk for some k  1 and let ci ∈ Sni , where, ni  0,1  i  k. Let
mt =∑tj=1 nj ,1 t  k and m0 = 0. Let σ be an mk-simplex in X. Then we define,
γ
(
c; c1, . . . , ck)(σ ) = cm0,m1,...,mk (σ ) k∏
j=1
c
j
mj−1,mj−1+1,...,mj (σ ). (10)
Let σ ∼h τ be equivalent simplices on X. Since h∗ is a morphism in R, it follows from
Lemma 2.2 that γ (c; c1, . . . , ck)(σ ) = h∗(γ (c; c1, . . . , ck)(τ )). This yields the product
map γ :Sk ⊗ Sn1 ⊗ · · · ⊗ Snk → Sn1+···+nk . Notice that if either c or ci , 1  i  k, is the
zero cochain, then γ (c; c1, . . . , ck) is also the zero cochain in Smk .
Lemma 3.2. γ satisfies the unitality property.
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Proof. Let c ∈ Sm and σ :K/H × ∆m → X be an m-simplex of X. Then,γ (c; id, . . . , id︸ ︷︷ ︸
m
)(σ ) = c0,1,...,m(σ )
m−1∏
j=0
idj,j+1(σ ).
Now, c0,1,...,m(σ ) = σ ∗0,...,m(c(σ (0, . . . ,m))), where σ(0, . . . ,m) = σ and σ ∗0,...,m is just
the identity map. Hence, c0,1,...,m(σ ) = c(σ ). Again, for any 0 j m − 1, idj,j+1(σ ) =
σ ∗j,j+1(id(σ (j, j + 1))), where id(σ (j, j + 1)) is the identity element of M(σ˜(j, j +
1)) and σ ∗j,j+1 is a morphism in R. Hence,
∑m−1
j=0 idj,j+1(σ ) is the identity element
of M(σ˜ ). Therefore, γ (c; id, . . . , id︸ ︷︷ ︸
m
)(σ ) = c(σ ). By similar reasonings, γ (id; c)(σ ) =
id0,m(σ )c0,1,...,m(σ ) = c(σ ). 
Lemma 3.3. γ is associative.
Proof. Let c ∈ Sm, cpi ∈ Spi , for all 1  i  m and cqi ∈ Sqi , for all 1  i  p, where∑m
i=1 pi = p. Let u0 = 0 and for 1  t  m, ut =
∑t
j=1 pj and, vt =
∑pt
i=1 qut−1+i .
Then
∑m
i=1 vi =
∑p
i=1 qi = q (say). Also, let r0 = 0 and
∑t
i=1 qi = ri for 1  t  p.
Let d = γ (c; cp1, . . . , cpm) and for 1 i m,
di = γ (cpi ; cqui−1+1, cqui−1+2, . . . , cqui ) ∈ Svi .
We will show that
γ
(
d; cq1, . . . , cqp)= γ (c; d1, d2, . . . , dm). (11)
Let σ be a q-simplex of X. Then,
γ
(
d; cq1, . . . , cqp)(σ ) = dr0,r1,...,rp (σ ) p∏
j=1
c
qj
rj−1,rj−1+1,...,rj (σ ). (12)
Let σ(r0, r1, . . . , rp) = τ . Then,
dr0,r1,...,rp (σ ) = σ ∗r0,...,rp
(
d
(
σ(r0, . . . , rp)
))= σ ∗r0,...,rp(d(τ)). (13)
Again,
d(τ) = γ (c; cp1, . . . , cpm)(τ ) = cu0,u1,...,um(τ ) m∏
j=1
c
pj
uj−1,uj−1+1,...,uj (τ ). (14)
By Lemma 2.3, τ (u0, u1, . . . , um) = σ(ru0, ru1 , . . . , rum). Therefore,
cu0,u1,...,um(τ ) = τ ∗u0,...,um
(
c
(
τ (u0, . . . , um)
))
= τ ∗u0,...,um
(
c
(
σ(ru0 , ru1, . . . , rum)
))
.
Also, σ ∗r0,...,rpτ
∗
u0,u1,...,um = σ ∗ru0 ,ru1 ,...,rum . Hence,
σ ∗r0,...,rp
(
cu0,u1,...,um(τ )
)= σ ∗ru0 ,ru1 ,...,rum (c(σ(ru0 , ru1, . . . , rum)))
= cru0 ,ru1 ,...,rum (σ ).
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Similarly, for any 1 j m, by Lemma 2.3,τ (uj−1, uj−1 + 1, . . . , uj ) = σ(ruj−1 , ruj−1+1, . . . , ruj )
and σ ∗r0,...,rpτ
∗
uj−1,uj−1+1,...,uj = σ ∗ruj−1 ,ruj−1+1,...,ruj . Hence,
σ ∗r0,...,rp
(
c
pj
uj−1,uj−1+1,...,uj (τ )
)= cpjruj−1 ,ruj−1+1,...,ruj (σ ).
Thus by (13) and (14) we get,
dr0,r1,...,rp (σ ) = cru0 ,ru1 ,...,rum (σ )
m∏
j=1
c
pj
ruj−1 ,ruj−1+1,...,ruj (σ )
and hence by (12),
γ
(
d; cq1, . . . , cqp)(σ ) = cru0 ,ru1 ,...,rum (σ )
m∏
j=1
c
pj
ruj−1 ,ruj−1+1,...,ruj (σ )
×
p∏
i=1
c
qi
ri−1,ri−1+1,...,ri (σ ). (A)
Now for any 1 t m,
∑t
i=1 vi = rut . Hence,
γ
(
c; d1, d2, . . . , dm)(σ ) = cru0 ,ru1 ,...,rum (σ )
m∏
j=1
d
j
ruj−1 ,ruj−1+1,...,ruj (σ ). (15)
Fix a j , 1 j m, and let τj = σ(ruj−1 , ruj−1 + 1, . . . , ruj ). Then,
dj (τj ) = γ
(
cpj ; cquj−1+1, cquj−1+2 , . . . , cquj )(τj ).
Let
∑s
i=1 quj−1 + i = ws for all 1 s  pj and let w0 = 0. Then,
dj (τj ) = cpjw0,w1,...,wpj (τj )
pj∏
s=1
c
quj−1+s
ws−1,ws−1+1,...,ws (τj ). (16)
Notice that ruj−1 + ws = ruj−1+s . Hence by Lemma 2.3,
τj (w0,w1, . . . ,wpj ) = σ(ruj−1 , ruj−1+1, . . . , ruj )
and hence,
c
pj
w0,w1,...,wpj
(τj ) = cpjruj−1 ,ruj−1+1,...,ruj (σ ). (17)
Also, for any 1 s m,
τj (ws−1,ws−1 + 1, . . . ,ws) = σ(ruj−1+s−1, ruj−1+s−1 + 1, . . . , ruj−1+s ).
Therefore,
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m∏ pj∏ quj−1+s
j=1 s=1
cws−1,ws−1+1,...,ws (τj )
=
m∏
j=1
pj∏
s=1
c
quj−1+s
ruj−1+s−1,ruj−1+s−1+1,...,ruj−1+s (σ )
=
p∏
i=1
c
qi
ri−1,ri−1+1,...,ri (σ )
Then by (15)–(17) and above we get,
γ
(
c; d1, d2, . . . , dm)(σ ) = cru0 ,ru1 ,...,rum (σ )
m∏
j=1
c
pj
ruj−1 ,ruj−1+1,...,ruj (σ )
×
p∏
i=1
c
qi
ri−1,ri−1+1,...,ri (σ ). (B)
The result now follows from (A) and (B). 
As a consequence we have,
Theorem 3.4. The Bredon–Illman cochain complex S∗K(X;M) is a non-Σ operad in
Z-mod.
Definition 3.5. A brace algebra in Z-mod is a graded object in Z-mod with a collection of
braces (or multilinear operations) x{x1, . . . , xn} of degree −n, that is, degx{x1, . . . , xn} =
degx +∑nj=1 degxj − n, satisfying the identity (brace identity)
x{y1, . . . , ym}{z1, . . . , zn}
=
∑
0i1j1···imjmn
(−1)εx{z1, . . . , zi1 , y1{zi1+1, . . . , zj1}, zj1+1, . . . , zi2 ,
y2{zi2+1, . . . , zj2}, . . . , ym{zim+1, . . . , zjm}, zjm+1, . . . , zn
}
where x{ } is understood as just x , |x| = degx − 1 and ε =∑mp=1 |yp|(∑ipq=1 |zq |).
Let H be a non-Σ operad in Z-mod. There is a natural brace structure [4] defined
on H making it a brace algebra. For x ∈ Hm and xj ∈ Hmj ,1  j  n  m, the brace
x{x1, . . . , xn} is an element of H of degree m +∑nj=1 mj − n defined as follows:
x{x1, . . . , xn} =
∑
i0,...,in
(−1)εγ (x; id, . . . , id, x1, . . . , id, . . . , id, xn, id, . . . , id)
where the summation runs over all possible substitutions of x1, . . . , xn into x in the
prescribed order and for any such substitution, ε = ∑np=1 |xp|ip, where ip is the total
number of inputs in front of xp.
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In particular for m = n and ε =∑mj=1(|xj |(∑j−1 |xl| + 1)),l=1
x{x1 . . . xm} = (−1)εγ (x;x1, . . . , xm). (18)
Writing x ◦ y = x{y}, we have,
x ◦ y =
|x|∑
j=0
(−1)j |y|γ (x; id, . . . , id︸ ︷︷ ︸
j
, y, id, . . . , id). (19)
Thus:
Corollary 3.6. The Bredon–Illman cochain complex S∗K(X;M) is a brace algebra in
Z-mod.
It is clear from the definition of braces that if either c or ci for any 1 i  k is the zero
cochain in S∗K(X,M), then c{c1, . . . , ck} is also the zero cochain in S∗K(X,M).
4. S∗K(X,M) as a homotopy G-algebra
We continue using the notations of the previous sections.
Definition 4.1. Let H = ⊕Hj be a brace algebra in Z-mod. Then H is a ‘homotopy
G-algebra’ [4] in Z-mod if there is a differential d of degree 1 and a product ‘·’ of degree
0 defined on it making it a differentially graded associative algebra such that the following
identities are satisfied:
(a) Let x ∈ Hp and y ∈ Hq . Let n  p + q and let r = max{n − q,0}. Then for any
x1, . . . , xn ∈ G,
(x · y){x1, . . . , xn} =
p∑
k=r
(−1)εkx{x1, . . . , xk} · y{xk+1, . . . , xn},
where εk = q(∑kt=1 |xt |).
(b) Let x ∈ Hp and xi ∈ Hpi , for all 1 i  n + 1  p. Let for all 1  i  n + 1, qi =∑i
k=1 |xk|. Then
d
(
x{x1, . . . , xn+1}
)− dx{x1, . . . , xn+1}
= (−1)|x|
n+1∑
i=1
(−1)qi−1x{x1, . . . , xi−1, dxi, xi+1, . . . , xn+1}
+ (−1)|x1|(|x|+1)x1 · x{x2, . . . , xn+1} + (−1)|x|+qnx{x1, . . . , xn} · xn+1
− (−1)|x|
n∑
i=1
(−1)qi x{x1, . . . , xi−1, xi · xi+1, xi+2, . . . , xn+1}.
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Let H be a non-Σ operad in Z-mod and suppose that there is an element µ ∈ H 2 such
that µ ◦µ = 0. Then we say that there is a multiplication defined on H . Given µ we define
on H a product by,
x · y = (−1)|x|+1µ{x, y} (20)
and a derivation d by,
dx = µ ◦ x − (−1)|x|x ◦ µ. (21)
We have the following result [4].
Proposition 4.2. Let H be a non-Σ operad in Z-mod. If there is a multiplication µ defined
on H , then H is a weak homotopy G-algebra.
Let H be a non-Σ operad in Z-mod. Then the bracket
[x, y] = x ◦ y − (−1)|x||y|y ◦ x (22)
on H makes it a graded Lie algebra, i.e., it satisfies the graded Jacobi identity,
(−1)|x||z|[[x, y], z]+ (−1)|y||x|[[y, z], x]+ (−1)|z||y|[[z, x], y]= 0. (23)
Also, the following holds [4]:
Proposition 4.3. Let H be a non-Σ operad in Z-mod on which a multiplication µ is
defined. Then, the product, derivation and the Lie bracket on H are defined by Eqs. (20),
(21) and (22), respectively. Also:
(a) the Lie bracket on H is a graded derivation of the product on H up to null homotopy,
i.e.,
[x, y · z] − [x, y] · z − (−1)|x|(|y|+1)y · [x, z]
= (−1)|x|+|y|+1(d(x{y, z})− dx{y, z}
−(−1)|x|x{dy, z}+ (−1)|x|+|y|x{y, dz});
(b) the product on H is homotopy graded commutative, i.e.,
x · y − (−1)(|x|+1)(|y|+1)y · x = (−1)|x|(d(x{y})− dx{y}− (−1)|x|x{dy});
(c) the differential on H is a derivation of the bracket, i.e.,
d[x, y] − [dx, y] − (−1)|x|[x, dy] = 0.
Hence, H is a differentially graded Lie algebra.
We now define a multiplication on the non-Σ operad S∗K(X,M). Let µ ∈ S2 be the
identity 2-cochain. Then µ ◦µ is a 3-cochain defined by (see (19)),
µ ◦ µ = µ{µ} = γ (µ; µ, id) − γ (µ; id,µ).
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Let σ be a 3-simplex on X. Then by the definition of γ (see (10)),
µ ◦ µ(σ) = µ0,2,3(σ )µ0,1,2(σ ) id2,3(σ ) − µ0,1,3(σ ) id0,1(σ )µ1,2,3(σ ) = 0.
Hence, µ is a multiplication on S∗K(X,M). It follows from above that:
Theorem 4.4. The Bredon–Illman cochain complex S∗K(X,M) is a homotopy G-algebra
and a differentially graded Lie algebra.
By the definition of the Lie bracket (see (22)), it is clear that if either c or c′ is the zero
cochain then so is [c, c′].
Proposition 4.5. The differential d and the product ‘·’ on S∗K(X,M) considered as a
homotopy G-algebra are related to the coboundary operator δ and cup product ∪ as
follows:
dc = (−1)k+1δc, c ∈ Sk,
c · c′ = (−1)klc ∪ c′, c ∈ Sk, c′ ∈ Sl.
Proof. Recall that, dc = µ ◦ c − (−1)|c|c ◦µ. Hence,
dc = γ (µ; c, id) + (−1)|c|γ (µ; id, c)
− (−1)|c|
|c|∑
j=0
(−1)jγ (c; id, . . . , id︸ ︷︷ ︸
j
,µ, id, . . . , id).
Let c ∈ Sk and σ be a (k+1)-simplex of X. It follows from the definition of µ and id, that,
dc(σ ) = c0,1,2,...,k(σ ) + (−1)k−1c1,2,...,k+1(σ )
+
k−1∑
j=0
(−1)j+kc0,1,...,j,j+2,...,k+1(σ )
= c(σk+1) + (−1)k+1σ ∗0
(
c(σ0)
)+ (−1)k+1 k∑
j=1
(−1)jc(σj )
= (−1)k+1
(
σ ∗0
(
c(σ0)
)+ k+1∑
j=1
(−1)j c(σj )
)
= (−1)k+1δc(σ ).
Next, let c ∈ Sk and c′ ∈ Sl . Then, c · c′ = (−1)klγ (µ; c, c′) and hence, by (7),
c · c′(σ ) = (−1)klc0,1,...,k(σ )c′k,k+1,...,k+l (σ ) = (−1)klc ∪ c′(σ ). 
Definition 4.6. A G-algebra in Z-mod is a graded object H with a product defining the
structure of a graded commutative algebra in Z-mod and with a bracket of degree −1
defining the structure of a graded Lie algebra in Z-mod such that for any x, y, z ∈ H ,
[x, y · z] = [x, y] · z + (−1)|x|(|y|+1)y · [x, z].
G. Mukherjee, N. Pandey / Topology and its Applications 144 (2004) 51–65 63
Remark 4.7. It is straightforward to see that the homotopy G-algebra structure on the
Bredon–Illman cochain complex induces a G-algebra structure on H ∗K(X,M). However,
as in the non-equivariant case, the induced G-algebra structure on the cohomology is
trivial. This has been recently proved in [5]. It may be pointed out that the Bredon–
Illman cohomology reduces to ordinary singular cohomology when K is trivial and the
local coefficient system is simple.
5. S∗K(X,M) as a B∞-algebra
The notion of B∞-algebra was introduced by Baues [2]. In [11] it is shown that the
Hochschild complex of an associative algebra admits a B∞-algebra structure. Following
the same idea we show that the homotopy G-algebra structure on the Bredon–Illman
cochain complex as described in the previous section induces a B∞-algebra structure on it.
The notion of B∞-algebra in Z-mod can be described as follows. Let H =⊕Hj be a
graded object in Z-mod. Let H [1] =⊕H [1]j be its desuspension where H [1]j = Hj+1
and TH [1] be the tensor module on H [1]. Let [a1|a2| · · · |ak] denote the typical element
a1 ⊗· · ·⊗ak in H [1]
⊕
k ⊂ TH [1]. Then |[a1| · · · |ak]| = deg[a1| · · · |ak]−1 = |a1|+ · · ·+
|ak| − 1, where |a| = j − 1, if a ∈ Hj .
Definition 5.1. Let H = ⊕Hj be a graded object in Z-mod. Consider a collection of
multilinear operations Mk , k  0 and Mk,l , k, l  0, on H , where M0 = 0, M1 is a
differential d on H , degree of Mk is 2 − k for k  2 and degree of Mk,l is 1 − k − l,
k, l  0. Set
Mk(a1, . . . , ak) := (−1)(k−1)(|a1|+1)+(k−2)(|a2|+1)+···+(|ak−1|+1)Mk[a1| · · · |ak].
Note that the vertical bar can be thought of having degree 1. Also set
Mk,l(a1, . . . , ak; b1, . . . , bl) := Mk,l
([a1| · · · |ak] ⊗ [b1| · · · |bl]).
Then H along with the above multilinear operations is said to be a B∞-algebra if the
following identities are satisfied:
(a) For a1, . . . , an ∈ H ,
∑
i+j=n+1
n−j∑
k=0
(−1)εMi
(
a1, . . . , ak,Mj (ak+1, . . . , ak+j ), . . . , an
)= 0, n 1,
where ε = (i + 1)j + (j + 1)k + i(|a1| + 1)+ (i − 1)(|a2| + 1)+ · · ·+ (i − k + 1)×
(|ak| + 1)+ (n− k − 1)(|ak+1|+ 1)+ (n− k − 2)(|ak+2|+ 1)+ · · ·+ (|an−1|+ 1). In
fact the sign (−1)ε is obtained as |a1| + · · · + |ak| plus the sign coming from moving
the vertical bars in any occurrence of Mp[a1| · · · |ap] to the place between Mp and a1,
thinking of a bar as having degree one.
(b) M1,0 = M0,1 = id, Mk,0 = M0,k = 0, for k = 1.
(c) For a1, . . . ak, b1, . . . , bl and c1, . . . , cm ∈ H ,
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l+m∑ ∑
ε
(
r=1 l1+···+lr=l,
m1+···+mr=m
(−1) Mk,r a1, . . . , ak; Ml1,m1(b1, . . . , bl1;
c1, . . . , cm1), . . . ,Mlr ,mr (bl1+···+lr−1+1, . . . , bl; cm1+···+mr−1+1, . . . , cm)
)
=
k+l∑
s=1
∑
k1+···+ks=k,
l1+···+ls=l
(−1)δMs,m
(
Mk1,l1(a1, . . . , ak1; b1, . . . , bl1),
. . . ,Mks ,ls (ak1+···+ks−1+1, . . . , ak; bl1+···+ls−1+1, . . . , bl); c1, . . . , cm
)
,
where (−1)ε is the sign of the reordering [a1| · · · |ak|b1| · · · |bl|c1| · · · |cm] into
[a1| · · · |ak|b1| · · · |bl1|c1| · · · |cm1 | · · · |bl1+···+lr−1+1| · · · |bl|cm1+···+mr−1+1| · · · |cm] and
(−1)δ is the sign of the reordering [a1| · · · |ak|b1| · · · |bl|c1| · · · |cm] into [a1| · · · |ak1 |b1|
· · · |bl1| · · · |ak1+···+ks−1+1| · · · |ak|bl1+···+ls−1+1| · · · |bl|c1| · · · |cm] in the graded vector
space TH [1].
(d) For a1, . . . , ak and b1, . . . , bl in H ,
k+l∑
n=1
∑
k1+···+kn=k
l1+···+ln=l
(−1)εMn
(
Mk1,l1(a1, . . . , ak1 ; b1, . . . , bl1), . . . ,
Mkn,ln(ak1+···+kn−1+1, . . . , ak; bl1+···+ln−1+1, . . . , bl)
)
=
k∑
r=1
k−r∑
i=0
(−1)δMk−r+1,l
(
a1, . . . , ai,Mr(ai+1, . . . , ai+r ), . . . , ak; b1, . . . , bl
)
+ (−1)|a1|+···+|ak |
l∑
s=1
l−s∑
i=0
(−1)ηMk,l−s+1
(
a1, . . . , ak; b1, . . . , bi,
Ms(bi+1, . . . , bi+s), . . . , bl
)
,
where (−1)ε is the sign of reordering [a1| · · · |ak|b1| · · · |bl] into
[a1| · · · |ak1 |b1| · · · |bl1| · · · |ak1+···+kn−1+1| · · · |ak|bl1+···+ln−1+1| · · · |bl]
in TH [1] multiplied by the sign of moving n − 1 bars between Mk1,l1(· · ·), . . . ,
Mkn,ln(· · ·) to the place between Mn and Mk1,l1 . The sign (−1)δ is equal to |a1| +
· · · |ai | plus the sign coming from moving the vertical bars in Mr [ai+1| · · · |ai+r ] to
the place between Mr and ai+1. Similarly the sign (−1)η is equal to |b1| + · · · + |bi |
plus the sign coming from moving the vertical bars in Ms [bi+1| · · · |bi+s] to the place
between Ms and bi+1.
Define multilinear operations on S∗K(X,M) as follows.
M0 := 0,
M1 := d,
M2(x1, x2) := x1 · x2,
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Mn := 0, for n > 2,
M0,1 = M1,0 := id,
M0,n = Mn,0 := 0, for n > 1,
M1,n(x; x1, . . . , xn) := {x}{x1, . . . , xn}, for n 0,
Mk,l := 0, for k > 1,
where x, x1, . . . , xn ∈ S∗K(X,M).
Theorem 5.2. These operations define the structure of a B∞-algebra on S∗K(X,M).
As explained in [11] the proof of the above theorem follows from the fact that S∗K(X,M)
is a homotopy G-algebra (Theorem 4.4).
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